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The unit  cell contains 4 BaZrS3 units based on the 
densi ty  of 4-23 g.cm. -3 reported by H a h n  & Mutschke 
for their  preparat ion.  The systemat ic  absences are 
(hkO) for h + k odd and (0kl) for l odd. Thus, the space 
group is either D~-Pnmc or C~Pnc2z.  The reflections 
marked  with an :~ in Table 8 can be indexed on the 
basis of a te t ragonal  cell with a~_½~(2)at~lV(2)ct 
and c=½bt, where the subscript  t refers to the t rue 
trait cell dimensions. These reflections correspond 
very  near ly  in position and intensi ty  to those expected 
for an ideal perovskite  s tructure.  Thus, bar ium zir- 
conium sulfide must  have a dis torted perovskite  
s t ructure  probably  similar to that of CaTiOa (Kay & 
Bailey, 1957) or GdFe03 (Geller, 1956). The difference 
in s t ructure  between the bar ium zirconium sulfide 
obtained in this s tudy  and tha t  reported by H a h n  & 
Mutschke m a y  again be due to a sulfur deficiency 
resulting from the present  method of synthesis.  

A t t empts  to obtain a high tempera ture  modification 
of BaZrS3 were unsuccessful. 0 n l y  mixtures  of BaS, 
ZrSe and the  BaZrSa phase described above were 
obtained when the reaction was carried out above 
1200 °C. 

S t ront ium and calcium zirconium sulfides were 
prepared from the corresponding t e rna ry  oxides a t  
1000-1200 °C. Below 1000 °C. mixtures  of b inary  
oxides and sulfides together  wi th  small amounts  of 
t e rna ry  oxide and sulfide phases were obtained. 
Usually,  complete react ion was achieved in 24 hours 
as shown by the analyses in Table 7 and the constancy 

of the X - r a y  pa t te rns  on longer reaction. The powder 
pa t te rns  are given in Table 8. I t  was possible to index 
the pa t te rns  on the basis of or thorhombic unit  cells 
with the following dimensions: 

a b c 
SrZrS a 13.49 .~ 9.79 A 14.23 .~ 
CaZrS 3 13.07 9.58 14.05 

The unit  cells contain 16 molecules based on 
measured densities of 3-85 g.cm. -a for SrZrS3 and  
3-33 g.cm. -a for CaZrS3. The space groups of these 
compounds could not  be determined because the large 
unit  cell dimensions do not permit  unambiguous  
indexing. However,  the s imilar i ty  of the powder 
pa t te rns  to t ha t  of bar ium zirconium sulfide indicates 
tha t  SrZrS3 and CaZrSa have highly dis torted multiple- 
cell perovskite structures.  

The au thor  wishes to express his sincere thanks  to 
Mr M. J .  F raney  for his excellent technical assistance, 
and to the Ti tanium Alloy control lab for the analyt ical  
determinations.  
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When two of the coordinates of the atoms in the unit cell of a centrosymmetric crystal have been 
obtained by finding the projection of the electron density down one of the principal axes, the co- 
ordinates in the third direction are sometimes difficult to obtain without a tedious trial-and-error 
process. The following paper gives a simple method of determining the signs of the larger structure 
factors for a second projection and hence obtaining the third set of coordinates. The method appears 
to be useful as long as the number of atoms in the unit cell is no more than fifty to sixty. 

Theory 

In  a centrosymmetr ic  crystal ,  any  s t ructure  factor  
has the form 

~'/2 
F(h, lc, l)=2 .~, fi(h, k, l) cos 27~(hx~+kyj+lzj) . (1) 

]=1 

In  two dimensions and more suitable form, it becomes 

3"/2 
F(h, b, O)=2 2"fi(h, b, O) (cos 2~hxj cos 2~kyj 

j = l  
- s i n  2~hx~ sin 2~kyj). (2) 

I f  the x~ coordinates are as yet  undetermined bu t  the  
y~ coordinates are known, IF(h, k, 0)l and the factors  
f~(h, k, 0) cos 2~kyj and f~(h,/c, 0) sin 2~kyj are known 
quantit ies.  A series of s imultaneous equations is ob- 
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ra ined by  keeping h constant  and  vary ing  k, which, 
if the signs of the structure factors were known, 
could theoret ical ly  be solved for each cos 2uhxj and 
sin 2~hxj. As it  is, the  signs of a large number  of 
the structure factors m a y  be obtained by  sui tably  
combining two or more of the equations so as to 
reduce the coefficients of the terms on the r ight -hand 
side of the resul tant  equation to as small  values as 
possible. 

For it is clear tha t  
~v/2 

F(h, k, O) +_ F(h, k', O) <_ 2 ~ [fj(h, k, O) 
]=1 

2Vl2 
× cos 2~kyj+fi(h,/c' ,  0) cos 2~k'yj] + 2  ~ Ifj(h, k, O) 

j = l  
× sin 2u/cy~ +fi(h,/c', 0) sin 2~/c'yj] (3) 

the r igh t -hand  side of equat ion (3) being the max- 
i m u m  possible value of the r ight -hand side of the 
equat ion obtained by  adding or subtract ing the 
relevant  equations from the set given by  equat ion (2). 
If IF(h, k, 0) l+ lF (h ,  k', 0)I is greater t han  the right- 
hand  side of equat ion (3), then  the two structure 
factors have the same or opposite sign, depending on 
whether  the minus or plus sign is applicable through- 
out the equation. Judicious combinat ion of the 
equations (mult ipl ied by  factors if necessary) should 
yield the relative signs of the major i ty  of the structure 
factors from the set with h constant  and almost  
cer ta inly all those with the largest un i ta ry  factors. 

The process m a y  be repeated using different values 
of h, and sets of signs, for sets of s tructure factors 
wi th  constant  h, will be obtained. Certain signs m a y  
be a t tached arbi t rar i ly  in the usual  manner ,  these 
merely  fixing the origin, so tha t  the signs of certain 
sets will be known absolutely. The others will only 
have signs consistent wi thin  the set, and it remains 
to correlate signs between sets. This is most easily 
done by  using Zachariasen 's  relat ion (Zachariasen, 
1952) 

S(h + h')=S(S(h)S(h')) , (4) 

S(h) denoting the sign of F(h, k, l), on the larger 
un i t a ry  structure factors. This yields relationships 
between the signs of the structure factors from dif- 
ferent sets and allows the correlation to be made. 

The to ta l i ty  of signs obtained permits  an electron- 
densi ty  map  to be calculated and this map  should 
show clearly the positions of the atoms. If the signs 
of any  one set cannot be correlated with the rest, 
because Zachariasen's  relat ion does not yield un- 
ambiguous results for tha t  set, two electron-density 
maps  can be drawn using the two possible totali t ies 
of signs, the correct map being easily dist inguishable.  

Use  of the  m e t h o d  

In  the de terminat ion  of the structure of a -me thy l  
tetronic acid, CsHsO3 (MacDonald & Alleyne, in 
preparation),  the th i rd  set of coordinates was obtained 

by  the above method.  The space group is P21/c, 
the  cell dimensions being 

a=4 .00 ,  b=21.57,  c=6-30  ~ ;  /3=107o36 ' . 

The y and  z coordinates were obtained by a combina- 
t ion of probabi l i ty  relations and Fourier- t ransform 
techniques but  these methods yielded no result  when 
applied to the second projection. I t  was found that ,  
even with the expected chemical s t ructure and the 
y coordinates known, there were several possible trial 
structures which gave reasonable ini t ia l  agreement  
between the observed and  calculated s tructure factors. 
The above method  was therefore appl ied to give a 
rapid  choice between the various al ternatives.  

As an i l lustrat ion of the applicat ion of the method,  
the working out of the signs of F(2, k, 0) for/c odd is 
given. For space group P21/c and k odd, 

_57/4 

F(h, k, O)= - 4  __Y f~(h, k, 0) sin 2~hx~ sin 2~kyj (5) 
j = l  

and with the known values of fj(h, k, 0) sin 2~kyj and 
mul t ip ly ing  up to get r id of fractions, we get the 
following set of s imultaneous equations with var ia t ion  
of lc, F(2, 13, 0) and  F(2, 17, 0) being zero 

k = l  51A = 
36a + 42b + 63c + 80d + 48e 

3 68B = 
54a + 42b - 3 0 c -  56d + 6e 

5 87C = 
- 1 2 a - 4 2 b -  12c+ 1 6 d - 6 0 e  

7 101D = 
- 6 0 a -  42b + 48c + 32d + 42e 

9 l l 4 E  = 
- 12a + 42b - 6 0 c -  64d + 24e 

11 94F = 
54a + 42b + 42e + 8 0 d -  60e 

15 216G = 
- 3 6 a -  48b - 42c + 40d + 42e 

19 169H = 
12a + 4 8 b -  4 8 c -  40d + 6e 

21 114I = 
6 0 a - 3 6 b +  12c + 72d + 48e + 48f - 24g-  8h 

23 l l 0 J  = 
1 2 a -  48b + 30c - 8 0 d -  48e - 80 f+  6g + 72h 

(6) 

where a = s i n 4 ~ x l ,  b = s i n 4 ~ x 2  etc. and A, B, C, . . .  
have the values either + 1 or - 1 .  

Referring to the s imultaneous equations for sim- 
pl ic i ty  by  the values of /c tha t  they  represent,  (21) 
subtracted from (15) yields 
2 1 6 G -  114I 

= - 9 6 a -  1 2 b - 5 4 c - 3 2 d - 6 e + 8 f - 3 0 g + 4 8 h .  (7) 

We can affix one sign arb i t ra r i ly  and we choose G 
to be + 1. The m a x i m u m  possible value of the r ight  
hand  side of the equat ion is 286 and  it  is thus  obvious 
tha t  I must  be + 1. Similar ly  s imultaneous equations 

+ 72 f+  18g + 48h 

+ 8 f +  42g + 80h 

- 72 f+  60g + 16h 

+ 5 6 f +  5 4 g -  64h 

+ 2 4 f +  3 6 g -  64h 

- 8 0 f +  6g+ 16h 

+ 5 6 f -  54g + 40h 

+ 5 6 f -  4 8 g -  80h 

A C l l - -  10 



144 T H E  T H I R D  S E T  OF C O O R D I N A T E S  IN  A C R Y S T A L  S T R U C T U R E  A N A L Y S I S  

(9) + (11) + (15) show tha t  E = F =  - 1 ; (19)--(9) shows 
tha t  H = - 1 ; (19) ÷ (23) shows tha t  J = -t- 1 ; (19) + (5) 
yields C =  + 1 ;  (3) + (15) - (19)  gives B = - 1 ;  
(15) - ( 1 9 ) -  ½ x (1) gives A = + 1 ; ( 15 ) -  (19) - (7) gives 
D = -t-1. In  fact the signs of all  the structure factors 
in this  set are determined with ease. 

a 

i >b 
0 1 ,2 3A 
! I 

Fig. 1. Projection of the electron density of a-methyl tetronic 
acid on (001) using signs of structure factors obtained by 
the method explained. Contours are at arbitrary intervals. 
The correct position of the molecule is shown by straight 
lines. 

The same technique applied to h - - l ,  3, 4, /c odd, 
and  h = 1, 2, 3, 4, /c even, yielded similar  sets of signs. 
The signs for h = 0 were a l ready known from the first 
projection and, indeed, of the 87 non-zero structure 
factors in this zone, 64 were determined.  Zachariasen's  
method, appl ied in the normal  manner  to the larger 
un i ta ry  structure factors, correlated the signs of all 
sets to the known signs of the F(h, 0, 0)s and the 
arbi t rar i ly  fixed signs F(2, 15,0) and F(1, 21, 0). 
Fig. 1 shows the electron-density map  obtained using 
these results. The correct position of the molecule is 
indicated by  full lines and  it will be seen how good 
the agreement is. 

D i s c u s s i o n  of the  m e t h o d  

Since the values of the structure factors are subject 
to exper imental  error, any  temperature  factor present 
is not known in the ini t ial  stages, and the values of 
f~(h,/c, 0) s in  2z/cyj etc. are rounded off for ease of 
working, a few of the signs determined by this method 
will be incorrect. They will, however, only be a few 
and  the method appears to be one which yields a 

very  good ini t ial  structure which requires l i t t le 
refining. 

The method will obviously become more cumber- 
some to use, and  have a smaller  chance of successfully 
giving the signs of a large number  of s tructure factors, 
the greater the number  of atoms in the asymmetr ic  
unit .  However, the more complicated the molecule, 
the more difficult i t  is to f ind two a l ternat ive  positions 
for i t  in the second projection. I t  is, in  fact, for the  
smaller  molecule tha t  a number  of a l ternat ive  posi- 
tions arises and a rapid  method of choice is most 
desirable. 

The following reasoning shows tha t  the  method is 
only l ikely to work for crystals with a uni t  cell con- 
ta ining no more t han  f i f ty  to s ix ty  atoms. For if 
U(h, k, l) denotes a un i ta ry  structure factor defined 
in the usual way, then  equat ion (2) m a y  be wri t ten as 

x/2 
U(h, lc, O) = 2 Z n~ cos 2xe(hxj+lcy~) (8) 

i = 1  

where nj is the fraction of the total  number  of electrons 
in the uni t  cell possessed by  the j t h  atom. I U(h,/c,0)] 
is d is t r ibuted according to a Gaussian law with mean  
approximate ly  N½ (Hughes, 1949). The average value 
of .v12 

2 _,~ n~ [cos 2~(hx~÷ky~)[ 
i = 1  

is ½. There is l i t t le  chance tha t  combinat ions of 
equations will yield a reasonable number  of signs 
unless about  10% of the [U(h, k, 0)[ values are greater 
than  half  the expected value of the sum of the modul i  
of the terms on the r ight  hand  side of equat ion (8). 
This means tha t  1.7N-½ must  be greater t han  ~ or 
N < 4 6 .  This criterion for success is a l i t t le on the 
harsh side and 50 < N < 60 is probably  more realistic. 
I t  is assumed tha t  the atoms present are not marked ly  
different from one another.  The presence of one or 
more heavy atoms will alter the si tuation considerably. 

An a t t empt  to use the method to obta in  signs in 
the second projections of a series of known structures 
of increasing numbers  of atoms per uni t  cell showed 
reasonable agreement  with the above argument .  
Signs were readily obtainable for N < 48, less readi ly  
obtainable but  still  in useful quan t i ty  up to N =  60, 
and hardly  obtainable  at all for more complex struc- 
tures. 
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